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ABSTRACT: We derive analytical expressions for the shape of the invariant mass distribu-
tions of massless Standard Model endproducts in cascade decays involving massive New
Physics (NP) particles, D — Cc¢ — Bbc — Aabe, where the final NP particle A in the
cascade is unobserved and where two of the particles a, b, ¢ may be indistinguishable.
Knowledge of these expressions can improve the determination of NP parameters at the
LHC. The shape formulas are composite, but contain nothing more complicated than log-
arithms of simple expressions. We study the effects of cuts, final state radiation and
detector effects on the distributions through Monte Carlo simulations, using a supersym-
metric model as an example. We also consider how one can deal with the width of NP
particles and with combinatorics from the misidentification of final state particles. The
possible mismeasurements of NP masses through “feet” in the distributions are discussed.
Finally, we demonstrate how the effects of different spin configurations can be included in
the distributions.
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1. Introduction

While the discovery of a broken TeV-scale supersymmetry [[[-f]] at the LHC would solve
many problems in modern particle physics, it would also raise many questions. For example,
do the forces unify at some high scale, as the supersymmetric evolution of couplings imply;
what is the mechanism of supersymmetry breaking; does supersymmetry provide a viable
dark matter candidate? To answer any of these questions it is important to have accurate
measurements of the supersymmetric partner masses.

In the Minimal Supersymmetric Standard Model (MSSM), superpartner production
cross-sections at the LHC are rather large, allowing the discovery of squarks and gluinos
with masses up to about 2.5 TeV. Nevertheless, if R-parity is conserved, the traditional
method of measuring masses from resonant peaks in invariant mass distributions cannot
be easily used for superpartners. The end products of every superpartner decay necessarily
include the lightest supersymmetric particle (LSP) which is stable and escapes the detector,
preventing full reconstruction. However, invariant mass distributions constructed from the
visible particles in a decay chain clearly do depend on the masses of their parents, and it
should be possible to extract these masses in a systematic way. In particular, the kinematic
endpoints of these invariant mass distributions (i.e. their minimum or maximum values)
can be measured and their relation to the unknown superpartner masses can be exploited.
This method has been widely studied in refs. [f—[LJ].

This study builds upon the work of ref. [[J which investigated the measurement of
superpartner masses via the endpoint method for the decay’

dr — X599 = Irlng — XYlklng (1.1)

at the Snowmass mSUGRA benchmark point SPS la [[[4]. Several problems with the
endpoint method were uncovered. These include the possibility of multiple minima in
global least squares fits to the masses and mismeasurements of the endpoints due to the
occurence of “feet” in the distributions.

Supersymmetry is not the only New Physics (NP) scenario that can be discovered at
the LHC and which gives rise to long decay chains. In universal extra dimension models
(UED) [[L], Kaluza-Klein (KK) excitations of Standard Model (SM) particles could have
experimental signatures very similar to SUSY models. In [[[§] the possibility of the decay
chain

Q1 — Z1q — Lilhg — mlslag (1.2)

was pointed out. Here the subscript 1 denotes the first KK-excitations of the SM particles.
Indeed the occurence of a similar decay chain in any multi-particle NP model which has a
good dark matter candidate should not be a surprise. The dark matter candidate should
be a weakly interacting, neutral and massive particle, thus escaping the detector. This
particle must be kept stable by some symmetry, in our examples R-parity for SUSY and

IThe subscripts n and f on the leptons, representing “near” and “far”, denote the first and second lepton
emitted in the decay.
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Figure 1: Decay chain. Particles ¢, b and a are assumed massless.

KK-parity for UED, and this symmetry is likely also to conserve the number of NP particles
in decays, creating a decay cascade through the hierarchy of NP masses.

In light of this we will maintain a degree of generality in our derivation. We derive
analytic formulae for the invariant mass distributions of particles in the decay chain

D — Cc — Bbe — Aabe, (1.3)
illustrated in figure [, where D, C', B and A are massive, satisfying
mp > mgc > Mmp > M4y, (1.4)

and the particles a, b, ¢ are taken to be massless.

With A invisible, we can form four invariant mass combinations of the decay products
¢, b and a: mpg, Mep, Meq and mep. However, both the decay chains ([[J)) and (L.9) give
two opposite sign, same flavour leptons, [, and If, which are in principle indistinguishable.
This is a general feature of decay chains; given a SM decay product with a particular flavour
this flavour should be carried on in the decay chain and may result in two same flavour
decay products. We will deal with this by calculating the shape of the distributions of the
invariant masses mey(low) and Mmeo(high), Which are the invariant masses of ¢ combined with
either b or a, depending on which gives the lower and higher invariant mass.

In the following section we derive the shapes of these invariant mass distributions.
Using the decay chain ([[.1) as an example we consider in section [J some complicating
effects present already at the parton level, such as final state radiation, cuts and the
width of the SUSY particles. In section f| we further look at detector induced effects on
the distributions and in section ] we discuss a possible application of the shapes of the
invariant masses to alleviate the problem with “feet”. In section f] we give a brief summary
of our results. The inclusion of spin effects is discussed in an appendix. An application of
the shape formulas to Monte Carlo data for the purposes of improving mass determination
at the LHC will be presented elsewhere.

2. Invariant mass distributions

Our aim here is to obtain expressions for the invariant mass distributions of cascade decays
such as ([.3), which can be compared to data to fit NP particle masses. These distribu-
tions can be easily calculated numerically by Monte Carlo integration, and indeed we use



the Monte Carlo event generator PYTHIA [[[7] to numerically check our analytic results.
However, Monte Carlo integration (via phase space generation) is slow in comparison to
the evaluation of an analytic expression, which makes it impractical for fitting masses,
or performing other comparisons, where many distributions for different masses must be
generated. For this reason we derive analytic expressions.

In the main part of the paper, we will assume that there are no spin correlations be-
tween the subsequent decays, and thus treat the decaying particles as if they were scalars
(see, however, the appendix). Indeed, PYTHIA 6.208 uses this simplification in its gener-
ation of phase space. This has been shown to be a reasonable simplification for the decay
chains of physical interest as long as one does not measure the charges of the final state
particles [[[§, [9], which for jets would be very difficult to do. However, it has been sug-
gested in [[[9, Bd] that measurements of NP particle spin is possible at the LHC because
of the asymmetry between produced squarks and antisquarks. The method used in the
derivation of the invariant mass distributions can fairly easily be adapted to a particular
spin configuration of the particles in the decay chain and distributions including spin effects
are given in the appendix for our SUSY example. For simplicity of the analytic expressions,
we will also ignore particle widths. The effects of widths can be added later by a smearing
of the distributions.

Our philosophy for calculating the invariant mass distributions will be to write the
square of the invariant masses in terms of angular variables in the rest frame of decaying
particles. In the spin-0 case these have isotropic, flat distributions. After performing a
transformation from these ‘flat’ variables to a set of variables which include the invariant
mass under discussion, an integration over the extra variables can be performed to provide
the desired distribution. The difficulty of the calculation will be seen not to lie in performing
the integrals, but in finding the correct integration interval for all possible configurations
of masses that obey eq. ([.4). Spin effects only complicate the integrand and not the
endpoints of the integration.

Distributions formed from two “neighbouring” particles, my, and mg,, have simple
triangular shapes when widths and spin are ignored (see e.g. [, figure 10 and eq. (4.2)]),
and will not be discussed further here. We will also limit our discussion to cases where
the intermediate NP particles C' and B are on-shell. For a discussion on the shape of
distributions in the SUSY scenario of eq. ([.1), with virtual particles in the decay chain,

see [R1].
2.1 The two-particle invariant mass m,,
The invariant mass m., is given by
2, = (0 +pa)? = 2B EP) (1 cos o). (21)

where EU(LB) and EéB) are the energies of a and c respectively and HEGB) is the angle between
¢ and a, all in the rest frame of B, denoted by the superscript (B). Energy and momentum
conservation in the decays of the B, C' and D additionally provide

2 2
gB = M MA (2.2)

2mp



2 2
pP = e b 2.3
b sz bl ( )

E(B) _ (mQD - mQC) mp (2.4)
’ (m2 +m%) — (m2 —m3) cos 6

where HS?) is the angle between ¢ and b in (B). It will be convenient to introduce three
further quantities,

(mey 2 , (2.5)

2 2 2 2

m3H —mz) (msy —m
(mrc%ax)2 — ( D C’) g C B), (2.6)
meo

2 2 2 2

(mmax )2 _ (mD B mC) (mB — mA) (2 7)
c2(eq)/ 2m23 — mi‘ ’ '

where mg;™ and m7** are the maximium possible values of m., and m,, respectively, while

Meo(eq) 15 @ possible maximum of the mp(1ow) distribution (see section B.3).

From the above, it follows that

2 _ (B)
2 _ (mmax)2 "B (1 cos Hca > )
(m2 +m3) = (m —m%) cos 05

m ca ca

(2.8)

Following our philosophy of writing the invariant mass in terms of variables with flat

distributions we now express cos 9&?) in terms of cos Qgg), the same angle in the rest frame
of C. If C is a scalar this angle will be isotropically distributed. If C' is not a scalar,

the angular distribution will depend on the helicities of b and ¢. However, summing over
particles and antiparticles in the final state will cancel these spin correlations and return
an isotropic distribution. This latter case is applicable here.

In the rest frame of C' we have the familiar result

1 — cos H(C)
m2, = (miy)? <72 o ) . (29)

Using eqgs. (R.3) and (R.4), the same invariant mass in (B) is given by

(B)
2 max\2 m% (1 s HCb >
Mep = (mcb ) 9 9 9 9 B)" (2'10)
(me. +m%) — (m¢. — m%) cos b
Equating the two expressions and solving for 1 — cos Hgf) gives
2 1 H(C) -1
1—cos0P) =2 [1 + m—g%] , (2.11)
mp1—cost

cb



and consequently
c) 0) B
m2. = ()2 m_QB 1 — cos Héb N 1+ cos Héb 1 —cos P ‘ (2.12)
ca ca 2 2 2 2
me

We have now written the invariant mass in terms of quantities which have isotropic

distributions. Adopting the notation

1 — cos 9£§) . 1— cos eﬁaB)

U )
2 2

(2.13)

we observe that the differential decay widths for these observables are flat for 0 < (u, v) < 1:

1 0°T
Ty Oudv

=601 —u)f(u)d(1l —v)0(v), (2.14)

where 6(z) is the usual step function, and where the subscript “0” is a reminder that
spin correlations are omitted (however, see the Appendix). We can now make a change of
variables from (u,v) to (u,m?2,) with

m2, = (m22)2 (1 — qu) v, (2.15)

ca ca

where, for abbreviation of the equations to follow, we have written
m2
a=1-—2, 0<a<l. (2.16)
ma

This gives the differential distribution

1 Ty | O(u,v)
Lo Oudm?2, | 0(u,m2,)

(1 —u)f(uw)f(1 —v)0(v)

j meq
=0 <(mg11ax)2(1 _ au)> (mmax)2(1 — qu)’ (2.17)

where for ease of notation we have defined a “top-hat” function 6(z) = 6(z)0(1—=z). Finally
we must now integrate over u to find the distribution of m?2,:

1 0ry _/00 1 0°T

Toom2,  J_o To0udm2,

- /olé <<mm;n<1 = au>> e

Umax 1
= d 2.18
L e (219
for 0 < meq < M, where
. 1 m?2
Umax = Min <1, - [1 — 7(77222;‘)2}) : (2.19)



Evaluating the integrals we find

1 m2 m
—————1In —g for 0 < me, < —Bmf;ax,
L or, | Tomma g m 20)
Ty 8mga N 1 (mmax)2 mp ’
()2 In ~—=% for —my™ < meq < myS,
mmax)2q m2, me

and zero otherwise. This distribution was also given in [R(].
From the distribution of the square of an invariant mass m?, it is a trivial task to find
the distribution of the invariant mass as

1 ary 1 oIy
——— =2m=—"—. 2.21
FO om mro 8m2 ( )

2.2 The two-particle invariant mass myigh)

Having demonstrated the basic method for the simplest non-trivial case, we now turn to the
more complicated problem of finding the distribution of the observable quantity meoign),
defined by

M e2(high) = Max (mcba mca) . (222)

Here, m?, and m2, are given by egs. (R.9) and (R.1F), respectively. In the notation of
eq. (B-13), the required invariant mass squared can be written as

M (highy = Max [(mg™)?u, (mi™)? (1 — au) ] . (2.23)
We now introduce a new variable,
= (mEP) %y — (m22)2 (1 — au) v, (2.24)

so that the sign of x picks out which of m, or me, is larger. Then
mz2(high) = () (m™)*u + 0(—z) (mg™)? (1 — au) v.

The new variables can be inverted to give

miQ(high) +0(—x)x miQ(high) —0(z)x
= max)2 ) v = 2 P) . (225)
(mcb ) (mmax)2 1 — amCQ(hig}Q]:; g_x)l’
ca (mcb )
Since the double-differential width with respect to u and v is flat [see eq. (R.14)], we may
write
G d(u, v) S
— = : 0(u)f(v)
Lo axamzZ(high) ' 9z, sz(high))
O(u)b(v)

G 20— ) (220



and integrate over x to give the desired distribution:

St = [T i) 1 d
—— = uy) 0 (vy — — x
oo o (g 2 ()2 (1 — au)
0
. A 1
+ 0(u_)0 (v_ dx. 2.27
) G e 227
In the above we have written uy and vy for u and v in the case of positive/negative z, i.e.,
2 2
mc2(high) +z mc2(high)
U = " T 229
cb cb
2 2
M M. 1 — &
v — c2(high) 7 vy = c2(high) (229)
2 m32(high)+x 2 m32(high)
(mgg)? {1 - O (a2 (mE>)? (1—a ()2

While the integrals themselves are trivial, we must take special care with the integration
endpoints. The step-functions restrict 0 < uy < 1 and 0 < vy < 1, which in turn give
restrictions on x and/or M2(high)

O(uy) #0 = 0 < Mea(high) < M, (2.30)
N a(mrcl(llax)2 2 max\2 2

O(vy) #0= “(mma)2 + 1| Mmign) — (Meq )™ <@ < My pigh) (2.31)
O(u_) #0= —mgz(high) <z < (mhx)?— sz(high), (2.32)

O(v_) #0= T <

(mnl;ax)2 (mnl;ax)2 )

The first two inequalities constrain the integration over positive values of x, while the last
two constrain the integration over negative values of x. Notice that v_ only provides one
inequality since the condition 6(v_) # 0 holds when (2.32)) holds. Also (v ) # 0 yields an
upper bound on z because the denominator of v is always positive when (2.30)) holds.

Which of these inequalities provides the strongest bound and thereby the endpoint
of the integration is highly dependent on the mass hierarchy between particles A, B and
C'. In particular, the various bounds on x coincide at four (non-trivial) distinct values of

max mmax mp max
ca > "% 0 mg c2(eq)’

four quantities which is important. With this in mind we define three different regions,

max

o and it is the relative size of these

Mea(high), Damely m m2* and m

exhausting all possible hierarchies. Writing

2 2 2
m m m
RAE—é“, RBE—E, RcE—QC7 (2.34)
my me. m3,

(Rc is defined for later reference), the different mass hierarchies can be divided into:

. . 1
Reg%on 1: R < Rp < 1, 1
Reglon 2: Rqs < Rp < =R’
Region 3: 0 < Rp < Ry.



The three regions are shown in figure || over the space of R4 and Rp.

. . 1
2.2.1 Region 1: 7w < Rp <1
In Region 1, we have

mp
M < miy < SEmi < mi, (2.35)

The integration over positive values of z is restricted by eq. (B.31]), and is non-zero only
when meomign) satisfies eqs. (R.3(). If the lower bound on z is greater than zero, it will
provide the lower limit of the integration. However, this is only the case when

M2 (high) > mrcg?)e(q) (236)
which can never be true for Region 1 due to eq. (R.3(), and there is only one permitted
range:

O<zx < mzz(high) for 0 < Mea(nighy < Mep - (2.37)

For the integral over negative values, z is restricted by eqgs. (B-39) & (B-33). While the
lower bound is unambiguous there are three possible upper bounds (including the original
x < 0 from the integral) and we must divide the solution into three possible cases depending

ml TTT[TTT T[T T T T[T T T T [TTTT[ T T TT[TTTT[TTTT[TTTT[TTT

0.9
0.8 Region 1

0.7
0.6

\\H‘HH‘HH‘HH‘\HT

0.4 Region 2

03E Region 3
0.2
0.1

0.5F =

Figure 2: Regions 1, 2, and 3 vs. R4 = (ma/mg)? and Rg = (mp/mc)?.



on which upper bound is dominant:

2
ch(high) <x <0 for 0< M2 (high) < mmax’
2 2 2
Meaighy < % < (M) = My nign) for - mg™ < meohign) < HEMeq
2 2
T G i Ui Y P
c2(high) a a(mrcl(qlax)2 c2(high)
fOI' —mmax < mCQ(high) < mgzlax.
(2.38)

Performing the two integrals in the appropriate cases and adding them together we

find the full expression for the m? ) distribution:

c2(high
2
(1 [ 2 g
(mmax)2a n (mmax)Z m2 + (mmax)Z _ am2
ca cb c2(high) cb c2(high)
for 0< M2 (high) < mg,;ax,
1 ol _
Fo om? N 1 m2
c2(high) - g’ for mmax < M (high) < mmax’
(mg)?a mig
1 (mgg™)? m
mpB ,.,max max
(mmy2g 2 for me Mea < Me2(high) < Mg
ca c2(high)
(2.39)
and zero otherwise.
2.2.2 Region 2: R4y < Rp < ﬁ
For Region 2 we have
m
BmmaLX < mg’(‘x ) < mop’™ < mpe. (2.40)
mc

As for Region 1, the integration over positive z is restricted by eq. (2.31). However, unlike
Region 1, the lower limit of eq. (R.31]) can now be larger than zero, providing a new lower
limit of integration. This happens when eq. (R.36) is satisfied, and provides different limits
of integration for two distinct cases:

2
0<z< M (high) for 0 < meonighy < Mgy

c2(eq)’
a(mmax)Q 9
[ (mr%Zx)Q + 1 Mo (high) — (me™)? <@ < m? d(high) 10T Malaq) < Mea(high) < Mgy
C

(2.41)

For the integration over negative z, the step-functions again require that eq. (2.33)
and eq. (B-33) hold, if the integral is to be non-zero. However, since m4®* is larger than

mmaX in Region 2, the upper bound from eq. (R.39) is never dominant. Therefore

,10,



Region 2 gives only two different sets of integration limits:

~ % pigny < < 0 for 0 < Mea(nighy < Mitag)»
max\2 max )2
2 (meg™) (mg™) 2
—Mimiy < T < - 1| mion:
c2(high) a(mgéax)Z + c2(high)
for mrcga(‘gq) < Mo (high) < Mg
(2.42)
For Region 2 the full distribution is then given by
2
(1L (mgy™)? L MMeaigh)
(m&™)?a (mg™)? — asz(high) (mg™)? — asz(high)
for 0 < meynigh) < mga(‘zq),
1 oIy
F_O om2. .. - 1 (mmax)2 a(mmax)2
c2(high) In ca + ca for  mMMEX <o) < LA
max X 1 b
(mcaa )20’ mz2(high) (mgll)a )2 ¢2(cq) c2(high) ¢
1 (mmax)Z
In —< for mD™ < Megmieh) < M,
| " A Tty
(2.43)
and zero otherwise.
2.2.3 Region 3: 0 < Rp < Ra
In Region 3 we have
m
2™ < miy) < mg™ < m. (2.44)

For the individual integrations over positive and negative x, Region 3 is identical to Re-
gion 2, and we again obtain egs. (2.41)) & (R.43) for the positive and negative integration
limits respectively. However, since m3** is now larger then mp;**, contrary to Region 2,

the sum of the two contributions will be different. We find:

2
amc2(high)

n +
(mgy>)*a [ (M) — amZypigny (M™% — Ay

for 0 < meanigh) < Migiag):
1 8F0 . c2(eq)
F_03m2 . - max)2 max 2
c2(high) 1 (mca ) a’(mca )
In + - for m™M3* § < Moghich) < MM2X
(mmax)2q, [ mz2(high) (mg)? c2(eq) c2(bigh) «“
1
(a2 for mp** < Me2(high) < Mo,
cb
(2.45)

and zero otherwise.

— 11 —



2.3 The two-particle invariant mass m(ow)
The invariant mass m(ow) 18 given by
Me2(low) = min (mcb, mca) . (246)

For calculation of the differential decay rate we can adopt a method very similar to that
of Meo(nigh) above. Using u and v as defined in eq. (R.13)) we can write m g (1ow) as

mzz(low) = min [(mg,;axfu, (mmax)2 (1 — qu) v] . (2.47)

Keeping z as defined in eq. (R.24), we write

M (iow) = (=) (mi™)?u + () (mgg™)* (1 — au) v. (2.48)
These can be inverted to give
2 2
o mc2(low) + 9($)CC - mc2(low) -0 (_x) x (2 49)
(mmax)Z ’ - o m2y 00 H0(@)z ’ ’
cb (mmax)2 (] — a72((;ng£ax)z
and the differential distribution again has the form (R.27), but now with
2 2
ch(low) ch(low) +z
== =——r 2.50
u (mrc%ax)Q’ U (mrc%ax)Q ’ ( )
2 2
ch(low) - ch(low)
v_ = m22(1 ) ) Vy = m22(1 o : (2-51)
(mg&aX)Q <1 — ax(nig;)aiv;2> (mgzlaX)Q <1 — a%)

These are actually the same definitions as eqs. (2.2§) and (2.29) only now written in terms
of Meo(1ow) Tather than meoign), using
2 2
’1" = Meathigh) — Me2(low)? (252)

as follows from (P.23), (B-24) and (R-47). The step-functions of the integrand then give the

following restrictions on x and/or mp(iow):

O(uy) #0= —m?Q(IOW) <z < (mmax)? — mz2(low), (2.53)
5 (mgy™)? [ (mg™)? 2

O(vy) #0= x < o |a(mme + 1 M 0wy (2.54)
O(u_) #0= 0 < Meg(low) < M, (2.55)
j a(mg];ax)Q 2 max\2 2

9(2)7) 7é 0= W + 1 mcz(low) — (mca ) <x < mcz(low). (256)

The parallels with the mogn) case are obvious. The step-functions provide the same
constraints for mey(ow) as they did for mgmign), but constraints which were previously for
negative x are now for positive x and vice versa. Therefore we must be careful with the
x = 0 boundary: we will have the same regions of applicability as shown in figure fl but the
inequalities giving the integration limits for each region will be different from the monign)

case.

- 12 —



2.3.1 Region 1: 3=~ < Rp <1
In Region 1, eq. (R.39) holds as before.

For positive z, we have constraints given by egs. (.5J) & (2:54). However, in Region 1
the upper bound on z provided by eq. (R-59) is always more restrictive, and insists that
Me(low) De smaller than m%*™ for a nonzero result. Finally, since mzz(low) is necessarily
positive, the lower bound on z is trivially zero. Therefore, the integration limits for Region 1

with positive x only has one case:
0<z< (miy)?2_—m y for 0 <meagow) < mep™. (2.57)

2
c2(low

[x

For negative x, the integration limits also only have one case since eq. (.59) restricts
Mea(low) t0 be below all the characteristic masses in eq. (B:35). This gives

max\2 a(mmaX)Q max
_(mca ) + W + 1 02(10W) <r<0 for 0 < mCQ(low) < me (258)

cb

It is then rather trivial to calculate the full integral for Region 1:

X\2 2 2

1 oy 1 I (mg™)™ — amgy gy +a(m2;a’<)2 B Mo (1ow)

Lo 0mZy gy (mi%™)%a ™ (mmax)? (™) (mg™)? — amgy oy |
C

(2.59)

for 0 < megow) < my™, and zero otherwise.

2.3.2 Regions 2 and 3: 0 < Rp < ﬁ

The inequalities given by the step-functions together with the positivity or negativity con-
straints on x, are independent of the boundary between Regions 2 and 3. In other words,
which of mZ ™ and m2;* is larger is irrelevant when both are larger than mrcg‘r’(‘;‘q). Therefore
the analytic form of the distribution will be the same in Region 2 as it is in Region 3 and

we do not need to treat them separately. The hierarchy of characteristic masses is then:

m B max max max max

p— < Mgylaq) < min(me™, mg™) (2.60)
C

For positive x, the issue is which of the upper bounds of eqs. (2.53) & (R-54)) is more
restrictive. For higher values of mg(ow) it is eq. (B-54) which is more restrictive, with the
transition being at 2 mn“le as already intimated by eq. (B-3§), and we must also ensure
that this upper bound on z is positive. Together, these considerations give the integration

limits:
0 <z < (MmF™)? —mlyo for 0 < Mexgon) < mgMea™ (2.61)
max )2 max )2 261
<< (ch o [a((r:ﬂmaxﬂ + 1] c2(low) for mmax < Mea(low) < mg?’);Q)
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For negative z, only the (lower) constraint of eq. (B.56)) is interesting. The insistence

max
c2(eq)’
more restrictive than eq. (R.-55) for these regions. The integration limits for negative z are

that this lower bound is negative requires that mgow) is smaller than m which is

therefore again rather simple:

a(mrcltlzaX)Z

_(mg:lax)Q + |:
cb

+ 1} sz(low) <z <0 for 0<meow) < mg?;‘q). (2.62)

The full result for Regions 2 and 3 is:

1 dly
5 =
Lo 8mc2(low)
( 2 2 2
1 n (mg™)” — amyow)  a(mimex)? Mo 1ow)
(mDax)2q Z_zg(mgéax)z (m%*)2 (mEex)2 — amiQ(low)
for 0< Me2(low) < :Z—gmgllax,
2 2 2
1 . (mea™)" | (Mmgy™)” = amiyowy | a(mmax)? B ANy 1)
(m&x)2a (mgéax)szz@ow) (mg™)?  (mp™)? — amzz(low)
for z—gméﬁa" < Meo(low) < mg&(‘gq),
(2.63)
and zero otherwise.
2.4 The three-particle invariant mass mg,,
The quantity mgp, is defined by
2 = 2 2.64
mcba—(pc+pb+pa) . ( . )

Making use of energy and momentum conservation, we can write this in terms of particle
masses and two angles:

2 2

2 _ 2 2 mp+my

mcba_mD_mB_y<
mp

2 2
Mmp — My

+\/y2+2ym3+m%—m%< —
B

) (1-2w), (2.65)

where u is given by eq. (R.13), w is similarly defined in terms of the angle between A and

D in the rest frame of B,

1 —cos 6?1(5;
2 7

g
Il

(2.66)

- 14 —



and the quantity y is defined by

(mb —mp) ms

2
u+ (m —m) u+ <m% — m23> (1 —u). (2.67)

y 2mBm20

2
2meg,
It is straightforward to solve for u and w,

(m% — sz) m% — Qm%mBy

u pr
2 2 2 2 )
(mD - mc) (mc - mB)
2 2 my+m 249 2 9 (mp—m3 2
mD_mB_y mp + y + ymB+mB_mD mpg _mcba
w = . (2:68)

22
2\/y2 + 2ymp + mQB — m% (mL?anA>

Under the assumption that B is a scalar particle, its decay is istotropic and the doubly-
differential width in terms of these two variables v and w must be flat. Therefore we can

write
1 32P0 N 3(u, w) 1 82F0
Lo dyom?,, |0y, m?,.)| To Qudw
2,2 0(u)0
= (2 2 ?CmB2 2 2 i) (2.69)
(mh —m¢,) (m¢ —m3p) (my —m3) \/y2 + 2ymp +m% —m?,
and integrate over y to acquire the desired distribution,
1 an 1 o 0(u)d(w)
Toom2, — (mmax)? 2 2 .
0 cba (mca ) a J—oco \/y2+2ym3+m3—mD
(2.70)

At this point it is useful to make some definitions, in order to help keep expressions
compact. Let us first define the integral:

= :
a1 \/y2+2ym3—|—m23—m2D

L(ay, a9 dy

a2+mB+\/a%+2@2mB+m23—m2D
=In

(2.71)

)
a1+mB+\/a%+2a1mB+mQB—m%

which is the only integral that we will need. The mass values which appear as kinematical
endpoints of m, are [[J, [
2 2 2 2
mp —mg) (ms —m

2 b
me

m
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o _ (mg —mip) (mpmi —mem3)

_ 9.73
my m%m% ) ( )
m% —m%) (m% — m>
m3 = i B)Q( b= Ma) (2.74)
mp
m2 = (mp —ma)?. (2.75)

The mass my is always the largest, as is seen by
2
mi — m% = (m% — mAmD) /m%,
2
mi —mj = (mpmp —mamg,)" /(mEm¢),
2
m3 —m3 = (mQB —mamp)” /m3p. (2.76)

For the others, the relative order will depend on the values of m 4, mp, m¢c, and mp:

mi = = (mh - m3) (mymy — mEm) /(mm),
mi = = (md = ) (mm — mm) /(mEmd),
m3 —m = (mh - m2) (mimd — mmd) /(mm) @17)

As for the previous distributions, it is important to determine the upper and lower
integration bounds. The step-functions for u provide rather simple constraints,
2

2 max)2 2 2
m7 —m%n — (m ms —m
yl = D B ( cb ) < y < D B = y2’ (278)
2mp 2mp

where we have defined the quantities y; o for later convenience. The constraints from the
step-functions for w are somewhat more complicted,

Y3 <Yy < Ya, (2.79)
where
1
o = g { (=) = s — = )] ()
i oy = 2) oy — = ) = b 250)

In order that y4 3 be real, we must insist that mep, < ma, with my defined by eq. ([B.75).

We now need to compare these constraints and determine the relative ordering of y1,
Y2, y3 and y4, to see which will form the endpoints of the y integration. There are four
possible cases where the constraints overlap, as illustrated in figure .

y1 vs. y4: In order to have a physical solution, we require that y; < y4. This con-
straint is manifest differently for different mass hierarchies. Comparing the expressions
from egs. (R.7§) & (R.80) we find the requirements,

for m% <mgamp (= mAm% < mZBmD), Y1 < ya i mepg < my,
for m% >mamp & mAm% > mQBmD, Y1 < ya if mepg < mo, (2.81)
for m% >mamp & mAm% < mQBmD, Y1 < yq if mepe < My,
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Us Ua

Figure 3: Schematic representation of integration ranges. The cases (a)—(d) give non-zero contri-
butions.

where mq, mg and my are given by eqs. (R.79), (R.7) & (R.73) respectively.

Y2 vs. y3: Similarly, to provide an overlap of the integration regions we must insist that
y2 > y3. Once again, which values of me, are required is dependent on the mass hierarchy:
for mZB <mamp, ys < y2 if Mmepy < My,

¢ 5 ) (2.82)
or mp > mamp, Y3 < y2 if me, < M3,

where mg is given by eq. (2.74).

Y2 VS. y4: Although one does not require any particular relation between y- and g4 in order
to have a non-zero result, only the smallest of y» and y4 will provide the upper bound on
the integration, so it is important to verify which mass regimes lead to which dominant
upper bound. We find:

for mQB <mamp, Yo < yq if mepe < ms,

2.83
for mQB >mamp, Yo < yq if mepe < My. ( )

y1 vs. y3: Finally, the lower bound of the integration is governed by whichever of y; and
ys is larger. We find:

for m% <mgamp (= mAm% < mZBmD), Y1 > y3 if mo < mepe < My,
for m% >mamp & mAm% > mQBmD, y1 > y3 if my < mepg < My, (2.84)
for m% >mamp & mAm% < mQBmD, '

y1 > y3 if min(mq, me) < Mepg < max(my, mo).
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Surfacel Surfacell

Surfacelll

Figure 4: Allowed values of R4, Rp and R¢ for the four main regions of mp, in terms of
volumes inside the unit cube. The allowed values for Region 1 lie in the volume below Surface I:
0 < Rc < RaRp < 1. For Region 2 the allowed volume is that above Surface II: 0 < ﬁ—’j < Rc <1
(not including the flat region where Rp > R4). Likewise the allowed volume for Region 3 is that
above Surface III: 0 < g—; < Rc < 1. Region 4 lies in the volume above Surface I and below

Surfaces IT and III. (See figure [L for projections onto the R —Rp-plane).

As for the simpler two-particle invariant masses, the mass-dependent relations ob-
tained above result in different distributions in different regions of mass-space. We must
therefore specify the mass hierarchy of these regions before continuing. Given the ordering

of eq. ([4), an unambiguous division? is:

Region 1: m2C < mamp, mAm2C <mEmp, m%y < mamp (2.85)
Region 2: m% > mamp, mAm% > mQBmD, mZB < mamp (2.86)
Region 3: m2C > mamp, mAm2C <mEmp, m%>mamp (2.87)
Region 4: m% > mamp, mAm% <m%mp, m% < mamp (2.88)

This division, in terms of the mass ratios of eq. (R.34), is illustrated in figure fl, and has
the property that each region has a different endpoint for the invariant mass distribution.
The different orderings of my, mo and mg3, as given by eq. (R.77), will lead to further
subdivisions of the above regions.

2.4.1 Region 1: 0 < Rg < R4Rp <1

The first inequality (underlined) of eq. (R.85) implies the other two hold for our mass
hierarchy. Also, as seen from (R.76) and (2.77), since m% < mamp < mpmp and mQBm% <

mé < mim%, we have mg < m; < my and m3 < m; < my respectively, but the relative
size of mg and mg is undetermined. Thus, we must divide the region into subregions.

Region (1,1): If m% > mamc then mg < m3 < my (see eq. (B:77)), and we find the

2Note that the ‘regions’ defined here are different from those of sections and @ The present ones
are three-dimensional volumes, whereas those of sections @ and @ are two-dimensional areas.
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invariant mass distribution is, in terms of the function L defined in eq. (R.71),

L(y?n y2) for 0 < Mechg < M2,
L 0 __ 1 L f (2.89)
PO amgba - (mrc%ax)Qa (yl, y2) or mg < Mepg < M3, .
L(y1,ya) for m3 < mepg < My,

and zero otherwise.

Region (1,2): Alternatively, if mQB < mamgc then mz < my < mp and the invariant mass

distribution 1is:

L(ys, y2) for 0 < mepg < Mms3,
L Oy 1 L f (2.90)
FO amzba - (mgllax)2a (y37y4) or mg < Mepg < ma, .
L(y1,ya) for mo < mepg < My,

and zero otherwise.

2.4.2 Region 2: 0 < }Ig—’j < Rc<1

In this region, the second inequality (underlined) of eq. (R.8€) implies the other two. Also,
since mpmp < m% and mQB < %—gm% < mamc we have m; < mo and mg < ms, but the
relative magnitude of m; and mj is undetermined and we must divide our region in two.

Region (2,1): If mamp < mpme then my < m3 < may (see eq. (R.77)), and we find the
invariant mass distribution is:

L(ys, y2) for 0 < mepg < M1,
L 0 1 L f (2.91)
To amgba - (mgllax)Qa (y17y2) or mi1 < Mygepg < M3, .
L(y1,y4) for mg < Mmepg < Mo,
and zero otherwise.
Region (2,2): If mamp > mpme then msg < my < mg, and the distribution is:
L(ys,y2) for 0 < mepg < M3,
L O, 1 L f (2.92)
Ty, ~ g | L) for < < -
L(y1,y4) for mi1 < Mmepg < Mo,

and zero otherwise.

2.4.3 Region 3: 0 < 4 < Rp <1

In this region, it is the third inequality (underlined) which leads to the other two. The

inequalities mamgc < mamp < mQB and mamp < mpmgc tell us that my < ms and
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m1 < mg. Although we do not know the order of m; and ms, the endpoints of the
integration are independent of which one is larger and their relative magnitude only affects
the region of applicability of the different functions (unlike in Regions 1 and 2 where the
integration endpoints also changed). For the entirety of Region 3 we find:

L(ys,y2) for 0 < mepe < min(mq, me),

L O 1 L for mi (2.93)
T amzba - (mmax)2g (y1,92) or min(my, ma) < Mepe < max(my,ms), .
L(ys, y2) for max(mi,ma) < Mepg < M3,

and zero otherwise. Note that my < mo when mpmp < m%, from eq. ()

2.4.4 Region 4: 0 < R4Rp < R¢ and Ro < £2 <1 and R < #4 <1

Region 4 encompasses all the other allowed areas of mass-space. In this region we only
know, a priori, that my, mg and mg are smaller than my (as for all regions) but not their
relative sizes. However, as for Region 3, the ordering of m; and ms does not change the
endpoints of the integration, but only changes the region of applicability. Therefore, we
have three possible subregions, corresonding to the relative sizes of mg3 and the maximum

and minimum of my and ms.

Region (4,1): If mamp > mpme and m2B < mamg¢ then ms < min(my, mg), and the
invariant mass distribution is:

(L(yg,yg) for 0 < mepg < M3,
i ol _ 1 L(ys, y4) for mg < mepe < min(mq, ma), (2.04)
Toom2,  (mm)%a L(y1,y4) for min(my,ma) < Mmepe < max(ms,ma), .
L(ys, y4) for max(my,ma) < Mepg < My,

and zero otherwise.

Region (4,2): If {mpmp > m%, mamp > mpme and mQB > mymce} or {mpmp < m%,
mamp < mpmge and mQB < mgmc} then min(my, mg) < ms < max(mi, ms), and the
invariant mass distribution is:

L(ys, y2) for 0 < mep, < min(my, ma),
1 ary 1 L(y1,y2) for min(my,ma) < mepy < ms, (2.95)
T 2 = max )2 :
Loomg,  (mig™)%a L(y1,y4) for ms < mep, < max(my,ma),
( )

for max(my,ma) < Mmepg < My,

and zero otherwise.
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Region (4,3): Finally, if mymp < mpmc and mQB > mamec then max(mq,msy) < ms, and
the invariant mass distribution is:

(L

L

(y3,y2) for 0 < mep, < min(my, ma),
1 o0y 1 L(y1,y2) for min(mq,ma) < Mmep, < max(my,ms), 006
F_oamiba  (mE)2a L(ys, y2) for max(my,ma) < Mepg < M3, (2:96)
(y3,y4)

Y3, Y4 for mg < Mmepg < My,

and zero otherwise.

3. Parton level

In order to explore how the derived expressions can be applied to real data, we will compare
with SUSY cascade decays in Monte Carlo (MC) events generated for the mSUGRA Snow-
mass benchmark point SPS 1a [I4]. SPS 1a has the GUT scale parameters mg = 100 GeV,
myp = 250 GeV, Ag = —100 GeV, tan = 10 and p > 0. The TeV-scale SUSY mass
spectrum is calculated from these parameters, together with a top mass of m; = 175 GeV,
by ISAJET 7.58 23] (for numerical values, see, e.g. [d]). We have generated a number of
events equivalent to 50 fb~! at the LHC, by running PYTHIA 6.208 17 with CTEQ 5L
parton distribution functions [2J].

In particular, we focus on the decay chain ([L.1]), which was previously investigated in
some detail in [IJ]. The comparison is done for the invariant masses Mgi(low)s Mql(high)> Mql,
and mqll-3 For the quark g we consider only the up quark and the corresponding squark.
The complications introduced with more than one flavour, and thus multiple, overlaying
distributions, will be faced in the next section.

We find the analytic expressions for the distributions by going from the distribution
of the square of the invariant mass to the distribution of the invariant mass by eq. (2.21)
and substituting A = ¥V, B = Ip, C = X3 and D = @y, in our expressions.

However, this simple picture is not what will be seen in an actual experiment. The
shapes will be distorted by the width of the SUSY particles, cuts applied to remove back-
grounds, by Final State Radiation (FSR), and by detector effects. In order to use the
shapes for extracting NP particle masses from real data it is important to understand
these effects, and the limits they place on the use of the shapes. Here we consider the three
main effects apparent at parton level, width effects, the bias introduced by cuts and a shift
in invariant mass from FSR.

3.1 Width

Since we have not taken into account the width of the decaying particles we addition-
ally smear the analytic expression with a (truncated) Breit-Wigner function. If g(m) is

3We include the distribution of mgqi, for comparison with our analytical expression, even though it will
be difficult to separate the near and far leptons experimentally.
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Figure 5: Invariant mass distributions at parton level with no cuts and no FSR. MC events (black)
are shown with errors. The lines (red) are the analytic expressions with nominal masses. The dashed
lines show the ranges of validity of the different function pieces.

the original distribution we plot in the following figures the function f(m) given by the
convolution

dm’, (3.1)

m~+101" m/
Fom) I, / g(m')

~ darctan 20 m—10r, (m' —m)?+ (Ig/2)?

where I['; is a parameter of the smearing, determined by a fit to the MC data. We normalize
the analytic expression to the number of MC events.

The smeared analytic curves (for the SPS 1a parameters) are compared with the parton
level MC distributions, with no cuts or Final State Radiation, in figure f|. The agreement is
very good, being at the level expected from statistical fluctuations in the MC, and provides
a verification of our analytic expressions. The smearing is responisble for a rounding of the
sharp peaks in the mgqow) and mep, distributions, and greatly improves agreement near
the upper end of the distributions.

3.2 Cuts

We apply the cuts used in [[ld] to isolate the decay chain from Standard Model background,
e the three hardest jets have p];ft > 150, 100,50 GeV,
o Ermiss > max(100 GeV,0.2 Meg), where Mog = Ermiss + S0, P,

e the two hardest leptons have pgfp > 20,10 GeV.
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Figure 6: Invariant mass distributions at parton level with cuts as described in the text, but no
FSR. MC events (black) are shown with errors. The lines (red) are the analytic expressions with
nominal masses. The dashed lines show the ranges of validity of the different function pieces.

Figure f] compares the analytic curves with the parton level MC events after the application
of these cuts. From a visual inspection we see a fairly good agreement between the MC
events and the analytic functions, except that the number of events at low invariant mass is
reduced in the MC distribution compared to the analytic curve. This is most pronounced
for mgiow)-

In order to determine which of the cuts is introducing this discrepancy, we show in

figure [ the average value of the cut variables Er miss — max(100, 0.2 Mg ), plﬁpl, pgpr and

pj;ffl, in each bin of the mg o) invariant mass distribution versus the invariant mass in
that bin. The two jet cuts omitted have a very similar behaviour to that on the hardest
jet.

For the cut on missing energy there is a large gap between the signals’s missing energy
and the cut value (except for the two end bins, where low statistics lead to large errors)
and therefore the effects on the shape of the invariant mass distribution will be small. On
the other hand, because of the small difference between the cut value and the average value
at low invariant masses, the cut on the transverse momentum of the second hardest lepton,
plﬁg, will clearly introduce a bias by removing more events at low invariant masses. From
figure ] we see that we should be safe in trusting the analytic shape of the distribution
after the cut on plﬁg, down to around mg(1ow) = 100 — 150 GeV where the plﬁg distribution
flattens out due to the cut imposed. The cut on the transverse momentum of the hardest

lepton, pgfpl, will likewise have some effect on the distribution, but only at very low invariant
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Figure 7: Average value of the cut variables Er miss —max(100, 0.2 Meg), plﬁpl, plﬁg and quffl, versus

invariant mass for mgow) (black). We impose the cuts described in the text on the invariant mass
distribution before computing averages, but include no FSR. The horizontal lines (red) show the
cuts described in the text.

masses. For the cut on transverse momentum of the hardest jet, and similarly for the other
two jet cuts, we again find that the average values do not lie close enough to the cut value,
for most of the invariant mass bins, to cause a problem. However, even if this had not been
the case, since the average value of plj‘ftl as a function of mg (o) is to a good approximation
flat, it would have cut equally at all invariant mass values, and so introduced no bias.

Studying the average of a cut variable over the range of possible invariant mass values
enables us to give an estimate of where it is safe to fit the distributions given some cut
value, and could also be used to optimize the cuts so that they introduce less or no bias
for certain ranges of invariant mass.

3.3 Final state radiation

In figure § we include FSR in the MC data and we observe a slight shift towards lower
invariant masses for all four distributions as compared to the analytic shape. This can be
compared with figure ff| which included no FSR.

Ignoring statistical fluctuations between the two different event samples this shows
that FSR conserves the shape of the distributions, but lowers the invariant masses slightly,
indicating that it should be possible to use the shape of the distributions in determining
SUSY masses, but that the precision will be limited by that of the jet energy scale.
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Figure 8: Invariant mass distributions at parton level with FSR included, but no cuts. MC events
are shown with errors (black). The lines (red) are the analytic expression with nominal masses.
The dashed lines show the ranges of validity of the different function pieces.

4. Detector effects

In section ] we showed that the shape of the invariant mass distributions from the decay
chain in eq. ([.1)) to a large extent survived parton level effects and cuts to remove SM
background. We demonstrated a method of showing whether and where cuts could deform
the distribution, making our shape predictions from the kinematics of the decay chain un-
reliable. What remains to be discussed are the effects of the detector in a given experiment
and the combinatorical complications introduced by trying to pick jets that correspond to
the quarks in the decay chain.

For this purpose we use AcerDET 1.0 [P4], a generic fast detector simulation for the
LHC, similar in structure to the ATLFAST [R5 MC simulation of the ATLAS detector.
AcerDET expresses identification and isolation of leptons and jets in terms of detector
coordinates by azimuthal angle ¢, pseudo-rapidity 1 and cone size AR = /(A¢)? + (An)2.
We identify a lepton if pr > 5(6) GeV and |n| < 2.5 for electrons (muons). A lepton is
isolated if it is a distance R > 0.4 from other leptons and jets and the transverse energy
deposited in a cone AR = 0.2 around the lepton is less than 10 GeV. Jets are reconstructed
by a cone-based algoritm from clusters and are accepted if the jet has pr > 15 GeV in
a cone AR = 0.4. The jets are recalibrated using a flavour independent parametrization,
optimized to give a proper scale for the dijet decay of a light (100 GeV) Higgs particle.

As in the parton level discussion we use the mSUGRA model point SPS 1a, a number
of events equivalent to 50 fb~! of integrated luminosity generated by PYTHIA 6.208 [i7],
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and the cuts of subsection B.4. In addition to the cuts introduced earlier we also cut
on b-tagged jets to remove events with a b-squark in the decay chain, which will, due to a
smaller squark mass, have a different distribution. We assume 50% b-tagging efficiency with
rejection factors 100 and 10 on jets from gluons/three lightest jets and c-jets respectivly.
While this is on the conservative side it removes a majority of events with b-squarks in
the decay chain. However some events remain that will subtly change the distribution.
How large a problem this will be will depend on the rate of b production and the efficiency
achieved for b-tagging. We have the same issue for the w and d-squarks, since they in
general have different masses, but here we cannot tag the jets. One possible solution to
this problem is to fit the experimental distributions with the weighted sum of two functions
with different squark mass values. This effect is of course smaller than for the b-squark, as
the mass difference of these squarks is relatively small in our scenario.

Even if we could remove effectively all events with b-jets another potentially large
problem remains. We have no sure way of knowing which jet corresponds to the quark in
our decay chain. Since the other jets can stem from the decay of the other SUSY particle
produced in the hard process or from the underlying event we cannot rely on “high-low”
distributions as is done with the two leptons. We therefore propose to use consistency cuts,
as discussed in [[I9], to purify the events. We assume that the endpoints of the distributions
have already been estimated, but not necessarily very precisely. To plot the distribution
of a given invariant mass among the set: mgi1ow), Mqi(high) and mgy, we then cut away all
events except those where one and only one of the two hardest jets, when combined with
the leptons, gives invariant masses that lie below both of the endpoints of the distributions
we are not plotting, i.e. that the jet we pick for an event in a given distribution is consistent
with the other distributions and that there is no other such consistent jet, among the two
hardest ones. Additionally we require that the two leptons have an invariant mass below
the endpoint of the my distribution. As we shall see, these consistency cuts are very
effective in leaving only events where we have picked the right jet to go with the leptons.
However they will reduce the number of accepted events significantly, and thus increase
statistical errors.

The distributions of the invariant masses mg(ow), Mqi(high) and mqy, after detector
simulation, after the cuts of section B.d and after cuts on b-tagged jets and consistency
cuts, are shown in figure | with error bars (black). For the consistency cuts we have used
as endpoint values mfﬁ?féw) =320 GeV, mgll?ﬁ‘i gh) = 395 GeV and myy ™ = 450 GeV.* These
lie ~ 20 GeV above the fit values of [L], and are clearly well outside the level of uncertainty
expected for the measurement of the endpoints, showing that the consistency cuts will not
critically depend on measuring the endpoints very accurately. Also in figure ] (blue his-
tograms) we show the parton level distributions after cuts, rescaled to the reduced number
of events in the detector level distributions. Finally, we show the nominal distributions, as
given from our formulae (red curves).

From figure f| we see that the distributions for mgow)s Mgi(nigh) and mgy in general
remain unchanged after detector effects, but compared to figure § we have fewer events

4For mP** we use 80 GeV which is ~ 3 GeV above the fit value.
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Figure 9: Invariant mass distributions after detector effects and consistency cuts shown with
error bars (black). Also shown, are the parton level distributions (blue histograms) with the same
normalization as the detector signal and the nominal shapes of the distributions (red curves).

and thus larger errors. In the mgyign) distribution we see a rounding of the peak due
to additional smearing from energy measurements in the detector simulation. All three
distributions are also shifted slightly to the left (lower invariant masses) of the nominal
shape as a result of inperfect jet recalibration. For the mg; distribution we note that
some events with an erroneously picked jet remain to the right of the nominal endpoint of
the distribution. The number of these events can be reduced by tighter consistency cuts.
Knowing the expected shape of the signal distribution, one could also model the shape of
the background and subtract it.

5. Feet

As discussed in [IJ], the mass values may be such that some invariant mass distributions
exhibit “feet” or “drops” at the high ends. These can be hidden by a significant presence
of background, taken to be smearing from detector effects or even assumed to be a width
effect of the sparticles, making a precise determination of the kinematic maximum, and
through these the SUSY masses, difficult and subject to systematic errors.

There are two basic features in the distributions that can result in feet: The first is that
the last function piece has a maximum value that is much lower than the global maximum,
and so is not taken to be part of the distribution. This we will refer to as a “foot”. The
second feature comes about when the last function piece does not fall gradually to zero, but
ends in a discontinuous jump. This we will call a “drop”. The two situations are illustrated
in figure [[(. We will often refer collectively to “feet” and “drops” simply as “feet”.

For both cases, a low value of the ratio between the maximum of the last function
piece or the height of the drop, and the global maximum of the distribution will indicate
the possible danger of mismeasurements due to feet. We denote this ratio r:

height of “foot” or “drop”
r= .

(5.1)

global maximum

,27,



Foot Drop

Figure 10: Example of a “foot” and a “drop”.

Distribution | Region 1 | Region 2 | Region 3

M2 (high) 3 3 3

Me2(low) 1 2 2

Table 1: Number of distinct functions for two-particle masses.

Without reference to a specific model and thus the size of the background compared to
the signal, one can not give an exact value of » where this danger is real, but what can be
done is to perform a model independent exploration of what relationships between mass
parameters give low ratios.

We will here discuss this for the invariant masses me(nigh), Mc2(low) a0d Mcpq, in terms
of the mass-squared ratios R4, Rp and R¢ introduced in (R-34). With experimental data
one could then use knowledge of the signal to background ratio, with measured values of
the mass-squared ratios®, to look for such mismeasurements. Finally we will look at the
situation for these invariant masses in the m; ,—mo-parameter planes around the Snowmass
mSUGRA benchmark points SPS1a, SPS1b, SPS3 and SPS5 [14].

5.1 M2 (high)

We start our discussion of feet in the different mass distributions by an overview of the
number of function pieces involved in each region. For the two-particle masses mconign)
and mp(1ow), these are given in table .

For the mign) distribution the mp mass can be factored out of all the function
pieces for any value of mgmign). Taking the ratio of two function pieces, these factors
cancel, making the ratio independent of Rc. For the first two regions we can then look
for a possible foot by finding the ratio r of the maximum of the last function piece to the
global maximum in terms of R4 and Rp. The third function piece of the third region does
not end at zero, thus it may have a dangerous drop, as described above. The ratio r of
the function value at the endpoint to the global maximum can likewise be given in terms
of only R4 and Rp. The r-values of all three regions are plotted in figure [L]. The results

5The ratios R4, Rp and R¢ can to some extent be determined from the shapes of the distributions
alone, and are thus not so susceptible to the effects of a mismeasurement of an endpoint.
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Figure 11: Contour lines of r for all three regions of the mco(nign) (left) and meoiow) (right)
distributions, plotted in the R4 Rp-plane. We also show the position of the points SPS la («),
SPS 1a (B), (i), (i) and (iii), referred to in the discussion of “feet” in [[[].

largely agree with those obtained for a particular set of mSUGRA model points in sec. 4.1
of [1J], where the shape of the distribution was generated by a Monte Carlo decay routine.
We find that for Region 1 the ratio is large for most values of R4 and Rp, so that the
danger of a foot is small, unless we have a large background to signal ratio. On the other
hand, in Region 2, there are large areas with a small value of r where we can have foot
effects. One can show that, as a function of R4 and Rp, r is for meyign) continuous over
the boundary between Regions 1 and 2. Approaching the border to Region 3 the ratio goes
to zero. In Region 3, r again takes on large values, even more so than for Region 1. A
minimum around r ~ 0.60 excludes the drop scenario from being a danger in this region.

5.2 Me2(low)

For the m gy distribution we can also factor out mp in all regions, with the same factor
for all function pieces, so that r again is independent of mp. In Region 1 the only function
piece does not end at zero, and we may thus encounter the drop situation. In Regions 2
and 3 we have a potential foot from the second function piece. In figure [L1], we plot the
ratio r of eq. (B.1)).

In Region 1 we find a strip along the border to Region 2 where we can have a dangerous
drop in the distribution. Indeed SPS 1a lies in this region, which is somewhat surprising
given that this feature was not noticed in [[J]. This clearly shows the advantage of having
analytical expressions for the shapes of the distributions. However, the drop here is so
small, r = 0.046, that the resulting mismeasurement of the endpoint amounts to 0.1%,
much less than the statistical error. For Regions 2 and 3 r is again continuous over the
border. The potential for a foot is however restricted to a small strip along the border to
Region 1.
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Figure 12: Value of r in all four regions of the mc, distribution, plotted in the R4 Rp-plane for
Ro = 3 (left) and Re = £ (right).

5.3 Mepy

The numbers of function pieces found in each region and subregion of the three-particle
mass distribution are shown in table f.

In the three-particle case we can no longer remove R from the discussion of feet.
However, other simplifications arise. One can show that none of the four regions of the
Mepe distribution has a drop as the last function piece goes to zero at the kinematical
endpoint for all regions and subregions. What remains is the possibility of a foot. In
figure [[4, the ratio r is shown for two values of Rc.

In the entirety of Regions 1, 2 and 3 we have r = 1 with no danger of feet because
the global maximum is in the last function piece. Only in Region 4 can a foot occur. The
dangerous regions are near the border between Region 4 and either Region 1 or Region 2,
which have low values of r and potentially a misleading foot. Comparing the plots for
Rc = % and Ro = % we see how the value of r changes with R¢c inside Region 4, and in
particular observe that the points where Regions 1 and 2 meet and where Regions 1 and
3 meet also depend on R¢c. However, for mg,, the final function piece often has a steep

negative slope after the maximum, which reduces the possible negative effect of a foot.

Region | Subreg. 1 | Subreg. 2 | Subreg. 3
1 3 3
2 3 3
3 3
4 4 4 4
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Figure 13: Value of r for the m o(ign) invariant mass distribution in the m; /,—mo-planes around
the Snowmass benchmark points SPSla, SPS1b, SPS3 and SPS5.

5.4 SPS benchmark points

In figures [ and [[4 we show the value of r in the m; /2-mo-planes around the Snowmass
mSUGRA points SPS1a, SPS1b, SPS3 and SPS5, for the meomign) and meo(iow) distribu-
tions respectivly. In the top left panel we have tan 8 = 10 and Ay = —myg and in the upper
right panel, tan 8 = 30 and Ay = 0. The lower left panel has tan § = 10 and Ay = 0 and
the lower right panel, tan 8 = 5 and Ay = —1000 GeV. We have only considered parameter
values where we have decay chains of the type given in eq. ([.]), with an on-shell, right-
handed slepton. For the analogous decay chain via left-handed sleptons, there is no danger
of feet for values of my/ up to 1 TeV. In the gray area we have mgo < mj,, thus the
decay is only possible via a virtual slepton. The white area, marked TF, is theoretically

forbidden and the light brown area has a charged LSP.
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Figure 14: Value of r for the m(ow) invariant mass distribution in the m; ,—mo-planes around
the Snowmass benchmark points SPSla, SPS1b, SPS3 and SPS5.

In the mSUGRA planes we see that the dangerous area for the meypign) distribution
lies in the narrow Region 2, and for the mcy(oy) distribution in a fairly narrow corridor
along the border between Regions 1 and 2. The WMAP-consistent bulk region at low
my /o and mg in the top left panels of figures [l and [[4, around the point SPSla, lies in
these dangerous areas. This can be compared to the SPS3 parameter line running along
the WMAP-consistent stau coannihilation region in the bottom left panel, and we see that
there is little risk of problems with feet in the stau coannihilation region for values of m;
that are still viable when we consider LEP limits on SUSY masses and on the lightest Higgs.
However, this conclusion is only valid for relatively low values of tan . In the top right
panel we have tan § = 30, and indeed the dangerous area crosses the stau coannihilation
region running along the border to the region with a stau LSP. The lower right panel
shows that the WMAP-consistent stop coannihilation region, to the left of SPS5, along the
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theoretically forbidden region, is also dangerous in this respect.

We do not show results for me, in these parameter planes as we find only points in
Region 1 of the mg, distribution in the mSUGRA planes we consider here, for values of
myso < 3 TeV. As discussed above, Region 1 in this distribution contains no dangerous
“feet”.

6. Summary

We have derived analytical expressions for the invariant mass distributions of massless
SM endproducts ¢, b, a, in cascade decays of the form D — Cc¢ — Bbc — Aabc. Our
main results are valid for the decays of spin-0 particles, D, C, B, or equivalently, for a
sum over all combinations of charge and chirality in the final states. In a hadron collider
environment, the difficulty of determining the charge of quarks from the jets they instigate,
makes this a reasonable simplification. We have discussed how different spin configurations
can easily be included in the distributions, and in the appendix show the corresponding
distributions for the specific SUSY decay chain given in ([L.1]).

The effects of cuts, particle widths and final state radiation on the shape of the distri-
butions have been investigated with PYTHIA in a particular SUSY scenario, the Snowmass
benchmark point SPS1a. We find that while a set of cuts used to remove SM background
have the potential of distorting the expected shape we can identify which cuts are re-
sponsible for this, and in which regions of invariant mass this distortion takes place, by
looking at the distribution of the cut parameters, and without resorting to Monte Carlo
truth information. The effect of particle widths can be compensated for by a parametrized
smearing of the distibution. Final state radiation introduces a systematic loss of energy,
thus shifting the invariant mass distributions towards lower values.

We have also studied the effects of a generic LHC detector, in the same SUSY model,
through the use of the fast detector simulation AcerDET. The analytic expressions for the
invariant mass distributions is seen to survive the smearing effects of the detector, and we
demonstrate a method for handling the combinatorial problem of picking the correct jet
that belongs to the decay under investigation, from amongst the many candidates. This
consistency cut method is shown to be very effective in removing combinatorial background,
but results in a significant reduction in the number of events. The question of whether it
is optimal to use cuts to reduce this background, or whether to try to model and subtract
it, is still open. A small, systematic shift of the distributions towards lower invariant
masses is observed. This indicates that the reconstruction of jets and the jet recalibration
routine in the detector simulation, is insufficient for jets from this decay chain, and imply
the unsurprising conclusion that understanding the jet energy scale will be essential in
reducing systematical uncertainties in parameter determination from the shapes of the
invariant mass distributions.

We also demonstrate an application of the analytical expressions in finding dangerous
“feet” in the distributions, that could lead to mismeasurements of distribution endpoints,
and in turn masses. In scans over mSUGRA parameter space we find that this danger exists
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for several WM AP-consistent regions: the bulk region and the stau- and stop-coannihilation
regions.
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A. Including spin in a SUSY scenario

One can add spin effects in the decay chain by multiplying the integrand with a suitable
angular dependent function f,(u) or f,(v), depending on the spin configuration in question.
We will here give the results of including spin in the SUSY decay chain ([L.1]), as discussed
in the Introduction. In this decay chain we have A = {9, B = [,C = X9 and D = §. The
spin—% of X will yield an extra factor of either 2u or 2(1 — u) depending on the different
combinations of chirality and charge in the final state for the quark and the “near” lepton,
as given in table . Only the decays starting from a left handed squark are listed fully, those
for the right handed squark follow from a simple interchange of left and right handedness®.
The “far” lepton does not contribute any spin-dependent factor, since the LSP, associated
with that fermion line, is not observed.

Process chirality of ¢ | chirality of [, | chirality of I; | Factor
gL — qly I XY L L L 2u
qr, — gl XY L L L 2(1 — u)
ar, — il XY L L L 2u
ar, — qly XY L L L 2(1 — u)
qr — aly I 0 L R R 2(1 — u)
dr, — gl 17 {0 L R R 2
qr — a3 L R R 2(1 — u)
qr — qly i L R R 2u
dr — qly T XY R L L 2(1 — u)
dr — gl %0 R R R 2

Table 3: Spin factors. The chirality L/R of IT (q) denotes that it is the antiparticle of a left-/
right-handed I~ (q).

Except for the first case, discussed in section [A.T], we shall not give explicit formulas
for both chirality cases. The two cases are related as follows:

1 or 2 0y 1 0r

L 2% 19| Al
I Om?2 o(1-u) L0 om?2 T om?|,, (A1)

SNote that the handedness of sparticles refer to the chirality of the SM particles they couple to.
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The integrated decay widths I' are for both chirality configurations equal to I'g, since
the spin correlations only introduce forward-backward asymmetries (in the YJ rest frame),

which integrate to zero.

A1 mg,

We begin by including spin in the m,, distribution by multiplying the RHS of eq. (2.14)
with f,(u). We find for the f,(u) = 2u case that

2 m2 m
1 or W [ln m—QC — a:| for 0 < Meq < m—BmgéaX7
ca B C
2 2 2
r amca 2 1 (mrcltlzax) Meq 1l MB  max max
(mmax)2a2 m2 (mmax)2 B or me Meg ™ < Mea < Meg
ca ca
(A.2)
and for f,(u) =2(1 — u) we have
2 m? m2 m
or W |:m—28 In m—QB + (Z:| for 0 < Meg < m—BmgllaX,
1 ca C C ¢
r omz, a 2 m? m? m? m
B ca ca B max max
(mgllax)2a2 |:m% (mgllax)2 B (mrcl}lax)Q + 1:| for me Meg < Mg < Meq
(A.3)

This confirms the result of [R(]. As required, the average of the two again gives eq. (2.2().

A.2 M 2(high)

For Region 1 of the myign) distribution, multiplying (R.26) by fu(u) = 2u gives

2 max )2 2
max)2 My highy (Mey )™ = 20M G 101

max )2 ,2 In max(;an 2 max)2 max )2 2
(m&™)%a (mgy™) — @M 9 (high) (mg™)* (my, )_amCQ(high)

max

for 0< M2 (high) <My,

1 ar 9 m%
.2 =Y —— |In—+ —a for mB™ < Meghieh) < —Bmbax
L OmZ nign) (mg>)?a? [ B ] @ c2(bigh) = mg Tea

2
2 |y, ma)? | Mepign
(mmax)2a2 2 (mmax)2 -

ca mc2(high) ca

for M < gy gy < M,
(A.4)
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For Region 2 we get

In cb —
(mrc%ax)QQQ [ (méréax)Q _ amiQ(high) (méréax)Q (méréax)Q _ amiQ(high)

2 2 2
(mmax)2 ANy higny (M )™ — 2am62(high)]

max

for 0< M2 (high) < mc2(eq)’

2 x\2,2 2
1 or 2 ) (mo)2 @ (Meg™) Mg ign)  Me(nigh) 1
2 = = — =
POy | @ | g ()’ ()2
for mg&(‘;‘q) <Mea(high) < Mep s
2 (mmax)2 sz(h'gh)
In —<4 EL 1| for mEE < mighian) < MR
(mgg>)?a? sz(high) (migg)? < e3{igh) = ea
(A.5)
For Region 3 we have
2 x)2 2
2 In ()2 Mgy igny (M) = 2amGy 1)
(m@)?a? (mg™)? — amgQ(high) (mg™)?  (mg™)? — amgQ(high)
for 0 < meynign) < mrcga(‘ﬁq),
2 x\2,.,2 2
1 o 2 . (rmmax)2 L (M) Mg high)y — Mea(high) )
2 o max X max -
r a’rrLcQ(high) (mcaa )20’2 mz2(high) (mg}a )4 (mcaa )2
for mg&(‘;‘q) < Mea(high) < Meg s
2m2 ..
2(high x x
7(77;11(&)(? 4) for  meg™ < megmigh) < Mg
cb
(A.6)
A3 Me2(low)
For the my(ow) distribution, in Region 1, and with f,(u) = 2u, we get
1 o 2 n (Mgy™)? — amy o) @My (M)
2 - x)2,2 2 max 4
LM owy (&™) T (i)’ (™)
2,4 2
_ a ch(low) ach(low) _
max)2 )
(meg )2 [(mzg=)? — amy | (076
(A.7)

for 0 < meo(ow) < mgy™. For Regions 2 and 3 the distribution is for f,(u) = 2u given by

1oor
FaTrLgQ(low)
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OB | PP,
2
o (m? ey’
2,,,4 2
_ a mc2(low) amc2(low) .
max)2
(g2 [(m=2 — am?y 0| 07™)
m
for 0 < Me2(low) < —Bm‘;a",
2 me
mmax)2 2
( @ ) (mIcI(]zaX)Q {(mgl])ax)z B amz2(low)} a2(mrcl(lzax)2m§2(low)
In (mmax)2m2 (mmax)4
cb c2(low) cb
2,4 2 2
B a ch(low) ch(low) ach(low) 1
2 2
(mig? [(mig? - amy, ] (B ()
mp
\ for m—cmg]lax < Mea(low) < mrcg?)e(q)'
(A.8)
A4 Mepa

In the me, distribution the spin factor enters into the integral L(ay,as) of eq. (R.71). We
define a new integral:

Y

az
M(aq,as) E/
a1 \/y2+2ym3+m23—m%

dy

a2
= \/y2 +2ymp +m2B —m% —mpL(ay,as9). (A.9)

al

For all four Regions of the m, distribution the effect of the neutralino spin can be added
by making the following simple substitution in the distributions of eqs. (R.89)—(R.96), for
the fy(u) = 2u case:

2(m% - ng)m%;L(al, as) — 4mBm%M(a1, az)

2 2 2

L(ay,a) — L'(a1,a2) = (m2, —mZ)(mZ —m%)

(A.10)
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